In order to find a tractable theory to substitute for the wild character theory of the group of n × n unipotent upper-triangular matrices over a finite field F q , André and Yan introduced the notion of supercharacter theory. In this paper, we construct a supercharacter theory from an arbitrary set S of normal subgroups of G. We call such supercharacter theory the normal supercharacter theory generated by S. It is shown that normal supercharacter theories are integral, and a recursive formula for supercharacters of the normal supercharacter theory is provided. The normal supercharacter theory provides many substitutions for wild character theories. Also, we indicate that the superclasses of the normal supercharacter theory generated by all normal subgroups of G are given by certain values on the primitive central idempotents. We study the connection between the finest normal supercharacter theory and faithful irreducible characters. Moreover, an algorithm is presented to construct the supercharacter table of the finest normal supercharacter theory from the character table. Finally, We justify that normal supercharacter theories cannot be obtained by preceding supercharacter theory constructions.
Introduction
Let U T n (q) denote the group of n × n unipotent upper-triangular matrices over a finite field F q . Classification of the irreducible characters of U T n (q) is a well-known wild problem, provably intractable for arbitrary n. In order to find a more tractable way to understand the representation theory of U T n (q), C. André [2] defined and constructed supercharacter theory. Yan [13] showed how to replace André's construction with more elementary methods. Diaconis and Isaacs [6] axiomatized the concept of supercharacter theory for an arbitrary group. They mentioned two supercharacter theory constructions for G, one comes from the action of a group A on G by automorphisms and another one comes from the action of cyclotomic field Q[ζ |G| ]. They also generalized André's original construction to define a supercharacter theory for algebra group, a group of the form 1 + J where J is a finite dimensional nilpotent associative algebra over a finite field F of characteristic p. Later, in [7, 8] , Hendrickson provided other supercharacter theories for G. Arias-Castro, Diaconis, and Stanley [3] used Yan's work in place of the usual irreducible character theory to study random walks on U T n (q). Also in [1] , the authors obtained a relationship between the supercharacter theory of all unipotent upper-triangular matrices over a finite field F q simultaneously and the combinatorial Hopf algebra of symmetric functions in non-commuting variables.
Let N (G) be the set of all normal subgroups of G. The product of two normal subgroups is a normal subgroup. Therefore, N (G) is a semigroup. Let S ⊆ N (G). We define A(S) to be the smallest subsemigroup of N (G) such that 1. {1}, G ∈ A(S).
S ⊆ A(S).

A(S) is closed under intersection.
Note that every element N ∈ A(S) is a normal subgroup of G. We define for an element N ∈ A(S), N 
H.
For simplicity of notation, we write N • instead of N • A(S) when it is clear that N is in A(S).
A subgroup of G is normal if and only if it is the union of a set of conjugacy classes of G. We have an equivalent characterization of normality in terms of the kernels of irreducible characters. Recall that the kernel of a character χ of G is the set ker χ = {g ∈ G : χ(g) = χ(1)}. This is just the kernel of any representation whose character is χ, and so ker χ is a normal subgroup of G. A subgroup of G is normal if and only if it is the intersection of the kernels of some finite set of irreducible characters [10, Proposition 17.5] ; thus the normal subgroups of G are the subgroups which we can construct from the character table of G.
Let N be a normal subgroup of G. If ψ is an irreducible character of G, then define ψ : G/N → C by ψ(gN ) = ψ(g). Note that ψ is an irreducible character of G/N and we say ψ has been lifted to the irreducible character ψ of G. If θ is an irreducible of G/N , then define θ : G → C by θ(g) = θ(gN ). Notice that θ is an irreducible character of G and we say θ has been lifted from θ. We have the following bijection between irreducible characters χ of G containing N in their kernels and irreducible characters of G/N ,
Let for each N ∈ A(S),
Indeed, X N is the set of irreducible characters of G lifting from irreducible characters of G/N . Therefore,
where ρ G/N is the regular character of G/N . Define for every N ∈ A(S),
We may assume that χ N • A(S) = 0, whenever X N • A(S) = ∅. For simplicity of notation, we write
A(S) and χ N • A(S) respectively when it is clear that N is in A(S). A character χ of a group G is said to be integral if χ(g) ∈ Q for every element g ∈ G; a supercharacter theory is said to be integral if its supercharacters are integral. In Theorem 3.4, we will show that for an arbitrary subset S ⊆ N (G),
is a supercharacter theory of G. We call such supercharacter theory the normal supercharacter theory generated by S. Note that when we have a larger set of normal subgroups, the normal supercharacter theory we obtain will be finer. In particular the finest normal supercharacter theory is obtained when we consider the set of all normal subgroups of G, and is related to a partition of G given by certain values on the primitive central idempotents. The lattice of normal subgroups has been well studied (for example see [4, 5, 11] ); we show that every sublattice of the lattice of normal subgroups of G containing the trivial subgroup and G yields a normal supercharacter theory. We also identify supercharacters for any normal supercharacter theory and we show that every normal supercharacter theory is integral.
In Section 2, we review definitions and notations for supercharacter theories, and we mention the known supercharacter theory constructions. In Section 3, we show that the normal supercharacter theory generated by an arbitrary subset S ⊆ N (G) is integral. Furthermore, we provide a recursive formula for the supercharacters of any normal supercharacter theory. In Section 4, we study the finest normal supercharacter theory and we show that the finest normal supercharacter theory is obtained by considering certain values of the primitive central idempotents. Also, It is shown that χ N • is equal to the set of all faithful irreducible characters of G/N . In the end of this section, we provide an algorithm to construct the finest normal supercharacter theory from the character table.
In section 5, we justify that the normal supercharacter theory cannot be obtained by the preceding main constructions.
Background
In this section, we first review the definitions for supercharacter theories, then we discuss the main methods for obtaining supercharacter theories. In the end, we mention the Möbius inversion formula and its dual, which we will frequently use them in the sequel.
Supercharacter Theory
We reproduce the definition of supercharacter theory in [6] . Throughout this paper for every subset X ⊆ Irr(G) let σ X be the character ψ∈X ψ(1)ψ.
A supercharacter theory of a finite group G is a pair (X , K) with a choice of a set of characters {χ X : X ∈ X }, where
• X is a partition of Irr(G) and
• K is a partition of G, such that:
1. The set {1} is a member of K.
|X | = |K|.
3. The characters χ X are constant on the parts of K.
We refer to the characters χ X as supercharacters and to the members of K as superclasses. It is well-known that every supercharacter χ X is a constant multiple of σ X (See [6, Section 2]). Denote by Sup(G) the set of all supercharacter theories of G.
Every finite group G has two trivial supercharacter theories: the usual irreducible character theory and the supercharacter theory ({{1 1}, Irr(G)\{1 1}}, {{1}, G\{1}}), where 1 1 is the principal character of G. In the following subsections we review known supercharacter theory constructions for G.
A Group Acts Via Automorphisms on a Given Group
Given finite groups A and G, we say that A acts via automorphisms on G if A acts on G as a set, and in addition a.(gh) = (a.g)(a.h) for all g, h ∈ G and a ∈ A. An action via automorphisms of A on G determines and is determined by a homomorphism φ : A → Aut(G).
Suppose that A is a group that acts via automorphisms on our given group G. It is well known that A permutes both the irreducible characters of G and the conjugacy classes of G. By a lemma of R. Brauer, the permutation characters of A corresponding to these two actions are identical, and so the numbers of A-orbits on Irr(G) and on the set of classes of G are equal (See Theorem 6.32 and Corollary 6.33 of [9] ). It is easy to see that these orbit decompositions yield a supercharacter theory (X , K) where the members of X are the A-orbits on the classes of G and members of K are the unions of the A-orbits on the classes of G. It is clear that in this situation, the sum of the characters in an orbit X ∈ X is constant on each member of K. We denote by AutSup(G) the set of all such supercharacter theories of G.
Action of Automorphisms of The Cyclotomic Field Q[ζ |G| ]
Another general way to construct a supercharacter theory for G uses the action of a group A of automorphisms of the cyclotomic field Q[ζ |G| ], where ζ |G| is a primitive |G|th root of unity. Clearly, A permutes Irr(G), and there is a compatible action on the classes of G, defined as follows. Given σ ∈ A, there is a unique positive integer r < |G| such that σ(ζ |G| ) = ζ r |G| , and we let σ carry the class of g ∈ G to the class of g r . The Brauer's lemma shows that the numbers of A-orbits on Irr(G) and on the set of classes of G are equal. In this case too, we take X to be the set of A-orbits on Irr(G), and again, K is the set of unions of the various A-orbits on conjugacy classes. As before, it is trivial to check that the sum of the characters in an orbit X ∈ X is constant on each member of K, and so, we have a supercharacter theory. We denote by ACSup(G) the set containing above supercharacter theories.
The * -Product
In this subsection, we show that if N is a normal subgroup of G, then some supercharacter theories of N can be combined with supercharacter theories of G/N to form supercharacter theories of the full group G.
Let G and H be groups and let G act on H by automorphisms. We say that (X , K) ∈ Sup(H) is G-invariant if the action of G fixes each part K ∈ K setwise. We denote by Sup G (H) the set of all G-invariant supercharacter theories of H.
Recall that if N is a normal subgroup of G and ψ ∈ Irr(N ), then Irr(G|N ) denotes the set of irreducible characters χ of G such that χ ↓ N , ψ > 0, where χ ↓ N is the restriction of χ to N . If Z ⊆ Irr(N ) is a union of G-orbits, then define the subset Z G of Irr(G) to be ψ∈Z Irr(G|ψ). Extend this notation to a set Z of subsets of Irr(N ) by letting Z G := {Z G : Z ∈ Z}, and let
then by [7, Theorem 5.3 ] the map * is well-defined. Denoted by Sup * N (G) the image of * N and let Sup
The Möbius Inversion Formula and Its Dual
We mention the Möbius inversion formula and its dual which we will frequently use them in the sequel. If (P, ≤) is a poset and C P ×P is the set of all functions α : P × P → C, the associated incidence algebra is
The Möbius function µ ∈ A(P ) is defined recursively by the following rules:
It is immediate from this definition that 
Normal Supercharacter Theory
In this section we show that our constructions are indeed supercharacter theories of G. Furthermore, we show that these supercharacter theories are integral. A lattice is a partial ordered set in which every two elements have a unique least upper bound or join and a unique greatest lower bound or meet. Proof. It is easy to see that A(S) is a poset. Let N, H ∈ A(S). Then the least upper bound of N and H exists and that is N H ∈ A(S); also the the greater lower bound of N and H exists and that is N ∩ H ∈ A(S). Therefore, A(S) is a sublattice of the lattice of normal subgroups of G containing the trivial subgroup and G.
Example 3.2. The Hasse diagram of A(S), where S is the set of all normal pattern subgroups of U T 4 (q).
Lemma 3.3. Let G be a group. Then the following are hold for an arbitrary subset S ⊆ N (G).
X N • = ∅ : N ∈ A(S) is a partition of Irr(G).
{N • = ∅ : N ∈ A(S)} is a partition of G.
Proof. Recall that for every N ∈ A(S),
Therefore, g ∈ N • if and only if N is the smallest normal subgroup in A(S) containing g. This implies that N • ∩ K • = ∅ for every normal subgroups N, K ∈ A(S). Also, since G ∈ A(S), for every g ∈ G there exists a normal subgroup N ∈ A(S) such that g ∈ N • . This completes the proof of (1). Recall that for every N ∈ A(S), X N := {ψ ∈ Irr(G) : N ⊆ ker ψ} and
Therefore, X N • is the set of irreducible characters ψ of G such that if for a normal subgroup H ∈ A(S), H ⊆ ker ψ, then H ⊆ N . This implies that X N • ∩ X K • = ∅ for every normal subgroups N, K ∈ A(S). Also, since X {1} = Irr(G), for every ψ ∈ Irr(G) there exists a normal subgroup N ∈ A(S) such that ψ ∈ X N • . This completes the proof of (2).
Theorem 3.4. Let G be a group. Then for an arbitrary subset S ⊆ N (G),
is an integral supercharacter theory of G. Moreover,
Proof. Let X = {X N • = ∅ : N ∈ A(S)} and K = {N • = ∅ : N ∈ A(S)}. By Lemma 3.3, X is a partition of Irr(G) and K is a partition of G. Recall that
We aim to show that (X , K) is an integral supercharacter theory of G with the choose of the set of characters {χ N • = 0 : N ∈ A(S)}. Therefore, we only need to show the following are hold.
|X | = |K|.
3. The characters χ N • are integral and constant on the parts of K.
Since {1} = {1} • , {1} is a member of K. Therefore, (1) is hold. Define for every N ∈ A(S),
Thus,
Recall that
Therefore,
It follows from Möbius inversion formula that
We conclude that
Note that
We can see that (2) is hold.
by the dual of Möbius inversion formula we have
0 Otherwise.
It follows that
Let h, h 1 ∈ H • ∈ K. Then for every normal subgroup M of G, h ∈ M if and only if
. Thus, χ N • is integral and constant on each part of K. Therefore, (3) is hold.
In the following theorem we give a recursive formula for supercharacter χ N • of the normal supercharacter theory generated by S ⊆ N (G).
Theorem 3.5. Let G be a group and let S be an arbitrary subset of N (G). Then for any normal subgroup
Proof. Let N ∈ A(S). Consider the following two cases. Case 1. g ∈ N . We have
For every ψ ∈ X N • , we see that N ⊆ ker ψ. Thus, ψ(g) = ψ(1). Therefore,
Case 2. g ∈ G. Note that
It follows that
We can conclude from Cases 1 and 2 that
Example 3.6. The supercharacter table of the normal supercharacter theory generated by all normal pattern subgroups of U T 4 (q). Let t = q−1, A = q 4 +q 3 −2q 2 , and B = 3q 3 −4q 2 . In This section we investigate the connection between primitive central idempotents, faithful irreducible characters, and the finest normal supercharacter theory.
Primitive Central Idempotents and The Finest Normal Supercharacter Theory
Let C g be the conjugacy class of group G containing g. For every subset K ⊆ G, let K = k∈K k. Recall that every character χ ∈ Irr(G) has a corresponding primitive central idempotent
These idempotents are orthogonal, i.e. e χ e ψ = 0 when χ, ψ ∈ Irr(G) and χ = ψ. Also recall that
By the last equation i.e., 1
we produce a partition of primitive irreducible characters of G. Define for an element g ∈ G,
Then {E g : g ∈ G} is a partition of primitive central idempotents.
Since each irreducible character has a corresponding primitive central idempotent, we can correspond a partition of primitive central idempotents to a given supercharacter theory. But every partition of primitive central idempotents is not corresponded to a supercharacter theory and it is not clear when a partition of primitive central idempotents is related to a supercharacter theory. We show that the partition {E g : g ∈ G} is corresponded to the finest normal supercharacter theory which is the one generated by N (G). 
Proof. Let k ∈ K g . Then E k = E g , and so k ∈ ker χ for every χ ∈ Irr(G) \ {χ i : i ∈ I}. Therefore, k ∈ N . Let H be a normal subgroup of G such that H ⊂ N . Then at least there is an irreducible character ψ ∈ Irr(G) such that
and so
. Therefore, h ∈ N • , yielding a contradiction. We can conclude that E g = E h , and so h ∈ K g . Thus,
Theorem 4.2. Let G be a group and let S be the set of all normal subgroups of G.
For every
Proof.
(1) Let E g = {e χ i : i ∈ I} and let N = χ∈Irr(G)\{χ i :i∈I} ker χ.
Then by Lemma 4.1,
If there is an irreducible character χ ∈ Irr(G) \ {χ i : i ∈ I} such that g ∈ ker χ, then g ∈ H = i∈I ker χ i ∩ ker χ. Thus, g ∈ H ⊂ N , and so g ∈ N • , yielding a contradiction. Therefore,
As a result of Theorem 4.2 we have the following corollary. Let G be a group. Then for every subset X of G we define the normal closure or conjugate closure of X by
When X = {g} for some g ∈ G, we denote by g G the normal closure of X. For every element g ∈ G, let [g] = {h ∈ G : g G = h G }. Proof. Note that {N • = ∅ : N ∈ N (G)} is a partition of G and also by Lemma 4.4 every N • = ∅ is equal to [g] for some g ∈ G. We can conclude that
which is the set of superclasses of the finest normal supercharacter theory of G.
Faithful Irreducible Characters and The Finest Normal Supercharacter Theory
A character ψ of a group G is called faithful if ker ψ is trivial. In this subsection, we investigate the connection between faithful irreducible characters and the finest normal supercharacter theory. For an arbitrary normal subgroup of N , let ψ ∈ X N • . By the definition of X N • , we have N ⊆ ker ψ but K ⊆ ker ψ for any normal subgroup K of G with N ⊂ K. Since ker ψ is a normal subgroup, we can conclude that ker ψ = N . Therefore, we have ψ is a faithful irreducible character of G/N , and so ψ ∈ X N . Now, let ψ ∈ X N . Then N = ker ψ, and so ψ ∈ X N • . We can conclude that X N = X N • . ⇓
